SEPARATION OF BOUNDARY SINGULARITIES FOR 
HOLOMORPHIC GENERATORS 
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Abstract. We prove a theorem on separation of boundary null points for 
generators of continuous semigroups of holomorphic self-mappings of the unit 
disk in the complex plane. Our construction demonstrates the existence and 
importance of a particular role of the binary operation o given by 1/fog = 
1/g on generators. 
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1. Introduction 

A flow is a one-parameter semigroup of transformations acting on a set X called 
the phase space of the flow. Typically, the phase space is endowed with an addi- 
tional structure which the transformations are required to respect. In other words, 
associated to each t > there is a self-mapping g t of X, such that go is the identity 
mapping of X and g s +t = Qsgt for all s, t > 0. A cascade differs from a flow in that 
the mappings gt are only defined for t = 0, 1, . . .. In this case, one uses n instead 
oft. 

The additional structure in the phase space is either the structure of a topological 
space or of a manifold. In the first case, it is required that g t x be continuous with 
respect to (t,x). In the second case, smooth dynamical systems are defined. A 
cascade is smooth if all the g n are smooth mappings. A flow is smooth if g t x 
depends smoothly on (t, x) and v{x) — (d/dt)g t x | t=0 is a smooth vector field on X. 
The latter completely determines the flow. For a fixed xq and variable t, gt%o is a 
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solution of the differential equation x = v(x) with initial condition x(0) — xo] that 
is, gtxo = x(t), see |Ano88] . 

A complex dynamical system is defined as any one-parameter semigroup of holo- 
morphic self-mappings of a complex space X. Complex dynamical systems are not 
only of intrinsic interest in mathematics, they are also of great significance in di- 
verse applications, e.g., in the theory of branching processes [Har63j . |Sev71) . in 
the geometry of Banach spaces |Ara87j , in control theory and optimization [HM94 
and in the theory of composition operators [Sha93| . 

If X is of finite dimension then each continuous complex dynamical system on 
X must be differentiable, see |Aba 88 . In this paper, Abate also proves a condition 
on a holomorphic mapping / of X which is necessary and sufficient for / to be a 
generator of some complex flow on X . Similar results had already been published 
in |BP78j in the one-dimensional case. 

We recall that holomorphic self-mappings of a domain A" in a complex Banach 
space are nonexpanding with respect to each pseudometric generated by a Schwarz- 
Pick system [Har79] . Thus, the question arises whether a fixed point theory like 
that for monotone and nonexpanding operators can be developed for holomor- 
phic mappings. In the one-dimensional case the classical Denjoy- Wolff theorem 
yields not only information on the configuration of fixed points but also on the 
behaviour of iterates of a holomorphic self-mapping. In |Kub83] . |Mac83j . |Mer93j 
the Denjoy- Wolff theory is developed for higher-dimensional complex spaces under 
certain assumptions on domains and self-mappings. 

In this paper we study complex dynamical systems on the unit disk D in the 
complex plane C. The generators of continuous semigroups of holomorphic self- 
mappings of ED constitute a very special class of holomorphic functions in the disk, 
see [BP 78 . It has the structure of a real cone. The regular null points of generators 
are common fixed points for all mappings in the corresponding semigroups. Among 
them are the so-called Denjoy- Wolff points of semigroups which may also lie on 
the boundary of the disk. Generators may have boundary regular null points other 
than the Denjoy- Wolff points. 

We focus on boundary regular null points of holomorphic generators /, which 
are singular points of the vector fields /. Let / be the generator of a complex 
flow on D with the Denjoy- Wolff point a — I (and so f(a) = and f'(a) > 0). 
Suppose that the angular limit values of / also vanish at some points Ci > - • • > Czv 
on dU>. Associated to each pair (a, £„) there is a unique generator g n of a complex 
one-parameter group on D with fixed points a and £„, such that the function h 
defined by l/h = 1/f — l/g n is a generator of a complex semigroup on the disk 
which has no singularity at £„, for n — 1, . . . , N. On repeating this argument N 
times we represent 1 // as the sum of all 1/ g n modulo 1 /h, where h is a holomorphic 
generator on 1D> of the same type as / but without singularities at £i, . . . , £jv. 

Note that these considerations are also closely related to the boundary Nevan- 
linna-Pick interpolation problem for holomorphic mappings (see, for example, [Sa98j 
and |BolKh06j ). 

We next establish distortion theorems which give very sharp estimates for the 
remainder 1/f — ^/9n in terms of /'(Cn)- 

In parallel, we prove similar results for generators of flows on D with interior 
Denjoy- Wolff points. 
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2. Semigroups of analytic functions 

Let B be the open unit disk around the origin in the complex plane C. Given 
an open set W in C, we denote by H (B, W) the set of holomorphic functions in B 
with values in W. If W = C, we simply write iJ(B) for the set of all holomorphic 
functions in B. 

A family S — {F n } n =o,i.... of holomorphic self-mappings of B is said to be a one- 
parameter semigroup with discrete time if 1) F rn+n — F m oF n for all m,n = 0, 1, . . ., 
and 2) Fq(z) = z. Such a semigroup actually consists of the iterates of F = Fi, 
for Fo — I, the identity mapping of D, because of 2), and F n — F o F n _i for all 
n = 1, 2, . . ., because of 1). 

Definition 2.1. A family S — {F t } t > of holomorphic self-mappings of B is called 
a one-parameter semigroup with continuous time if 1) F s+t = F s oF t for all s, t > 0, 
and 2) F (z) = z. 

For a one-parameter semigroup with continuous time, the mere continuity on 
the right at t — implies the differentiability, hence, the continuity, in t on all of 
[0,oo) (see [BP78] l 

The (infinitesimal) generator of a semigroup S — {F t } t >o, is understood to be a 
function / e H(B) defined by 

f(z):= Vmhz-F t (z)). (2.1) 

The semigroup can be restored from its generator / in the following way. For 
any z 6 D, find a solution z(i) of the initial problem z(t) + f{z(t)) — 0, if t > 0, and 
z(0) = z. Then F t (z) := z(t) for t > 0. Note that if both / and — / are generators 
on the disk D, then the semigroup S = {F t }t>o generated by / can be extended to 
a one-parameter group of automorphisms of ID with the property (Ft) — F- t for 
all t S R. 

The following characterisation of semigroup generators can be found in [BP78 
and |ARS99] (see also |Sho01j V 

Theorem 2.2. For every holomorphic function f in B , the following are equiva- 
lent: 

1) f is a semigroup generator on D. 

2) f admits the representation f(z) = (z — a)(l — az)p(z), where a £ D and p is 
a holomorphic function in D with nonnegative real part. 

3) f is of the form f(z) — c — cz 2 + zq(z), where q is a holomorphic function in 
1D> with nonnegative real part. Moreover, f generates a group of automorphisms of 
D if and only if ^Rq(z) = 0. 

The equivalence of 1) and 2) is due to [BP78J . and the part 3) was proved in 
|ARS99j . 

If a semigroup S (with either discrete or continuous time) is not trivial (i.e. it 
does not reduce to the only identity mapping) and contains no elliptic automor- 
phisms of P, then there is a unique point a in the closure of D, such that F t (z) — > a 
as t — >• oo, for all z G B. This point a is called the Denjoy- Wolff point of S. For 
continuous semigroups, the point a € B in the representation 2) of Theorem 12.21 is 
exactly the Denjoy- Wolff point of S. Hence it follows that this representation is 
unique. 
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In fact, it is sufficient to consider two distinct cases, namely a = (the interior 
or dilation case) and a = 1 (the boundary case). 

For each F G //(B, B), the mapping / = / — F is a generator of a continuous 
semigroup 5 = {F t }t>o, see for instance [RS05 . Note that F\ ^ F, however, the 
set of fixed points of F% (and that of F, as is clear) coincides with the set of null 
points of /. 

If h is a holomorphic function in B and C G <9B, then 

Z lim h(z) =: /i(C) 

for the angular (or nontangential) limit of h at £, see e.g., |Pom92j . In |ES01] it 
was shown that if a € <9B is the Denjoy- Wolff point of a continuous semigroup S 
generated by / then the angular derivative 

f'(a) := Zlim/'(z) 

z— >a 

= Z lim — - 

z->a z — a 

exists and is a nonnegative real number, i.e. f'(a) > 0. 

If /'(a) = 0, then / (and S) is said to be of parabolic type. Otherwise, if 
f'(a) > 0, then / (respectively, S) is said to be of hyperbolic type. 

In general, a point £ € <9B is called a boundary regular null point of / G //"(B) 
if the angular limit of / at £ (exists and) is equal to and the angular derivative 
of / at £ (exists and) is finite. Similarly, a point £ G <9B is called a boundary 
regular fixed point of F G Zf(B, B) if the angular limit of F at £ (exists and) is 
equal to £ and the angular derivative of Z 1 at £ (exists and) is finite. Thus, the 
boundary Denjoy- Wolff point of a semigroup is a boundary regular null point of the 
semigroup generator. More generally, it follows from [ESOlj . |Sho03j and [CD05 
that each boundary regular null point of a generator / is a boundary regular fixed 
point of each mapping F t of the generated semigroup, and F/(£) = exp(— f'(()t), 
with /'(C) being a real number. 

3. Remarks on Cowen-Pommerenke type inequalities 

Recall again that if a G B is the Denjoy- Wolff point of a single holomorphic self- 
mapping F of B then either a G B and |F'(a)| < 1 or a G <9B and < F'(a) < 1, 
which is due to the classical Schwarz and Julia's lemmas. So, for each boundary 
regular fixed point £ of F different from a, we get F'(() > 1. The following result 
is proved in [CP82] . 

Theorem 3.1. Let F be a holomorphic self-mapping of the unit disk B with the 
Denjoy- Wolff point a G B and let Ci > • • • > Cjv be boundary regular fixed points of F 
different from a. 

1) If a = (dilation case), then 



F'(0) 



jF'(C„)-l- U-F'(O) 
2) If a = 1 and F'(a) < 1 (hyperbolic case), then 

1 ^ F'(l) 



AT 

S>/( Cn )_i - l-F'(l)' 



< 
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3) If a = 1 and F'(a) = 1 (parabolic case), then 

Moreover, equality holds if and only if F is a Blaschke product of order N + 1 in 
the case 1) or of order N in the cases 2) and 3). 

Using Theorem 13.11 one establishes an important sharp inequality for contact 
points of a holomorphic self-mapping F of B, cf. ibid. Namely, assume that there 
are boundary points £i, . . . , C,N, such that F((^ n ) = w for all n = 1, . . . , N, with 
w S 9B. Then 

Moreover, equality is valid if and only if F is a Blaschke product of order N. 

In |CDP06j . a geometrical approach and generating theory for continuous semi- 
groups is developed to derive another sharp inequality for functions with contact 
points. We present it as follows. 

Theorem 3.2. Let F be a holomorphic self-mapping of B, such that F(l) = 1 
and F = w for some boundary points (j, . . . , (jv , with w =/= 1. Suppose that the 
angular derivatives F'(l) and F'(d), ■ • ■ , F'(Cn) are finite. Then 

y 1 1 z ®E < j?>m 

^jmCn)|l-KCn " [ ^ 

and equality holds if and only if F(z) — — ^— — - , where 

1 — (1 — w)A{z) 

A{Z) ^ S mCn)|l-Cn*-Cn- 

An open question still remaining is if the extremal functions in (|3.1I) and Theorem 
13.21 are the same. This question is handled in Section [4] 

For continuous semigroups of holomorphic self-mappings of the unit disk, an 
infinitesimal version of Theorem 13.11 related to a boundary Denjoy- Wolff point is 
given in [CDP06] in a unified form which includes both hyperbolic and parabolic 
cases. 

Theorem 3.3. Let S = {F t }t>o be a semigroup in iJ(D,D) with a generator 
f € if (B) and the Denjoy-Wolff point a = 1, and let £i, . . . , £jy be boundary regular 
null points of f different from a, i.e. /(C«) — and /'(Cn) < 0. Then 

Moreover, equality holds if and only if F t (z) — a~ l {o-{z) + t) for t > 0, where 



a(z) = 



J Z _ y> 1 - g?Cn / Cn , l-Z , Cfl 

1 h l/'(Cn)l Ml-Cn) 2 8 1 



/(0) Z - 1 ^ |/'(C„)| V (1 - Cn? °l-QnZ 1 - 1 
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The proof of this theorem is based on the profound study of a linearisation model 
for semigroups of holomorphic self-mappings with boundary Denjoy- Wolff points, 
which is given by Abel's functional equation 

a(F t {z))=a(z)+t, (3.3) 

and nice geometric properties of its solution. 

The principal significance of (I3.3P is that it allows the study of general properties 
of univalent (i.e. one-to-one) functions convex in one direction, as well as functions 
starlike with respect to a boundary point, and extremal problems for these function 
classes. The starlike functions can be obtained as solutions to the so-called Schroder 
functional equation related to semigroups of hyperbolic type, cf. for instance [ES06 
and |ESZ08j . 

Theorem 13 . 3 1 does not cover the dilation case in which the Denjoy- Wolff point is 
inside D. In addition, in the hyperbolic case the unified form does not allow the 
use of some very nice tools based on the fact that /'(a) > which is not taken into 
consideration in inequality (|3.2j) . On the other hand, for parabolic type semigroups, 
inequality (13.21) can be obtained directly from the part 3) of Theorem EH] by using 
the definition of generators and Theorem 1 of ^ CDP06 ] (see also |ES06j ). 

More precisely, let S = {F t }t>o be a semigroup of parabolic type generated by 
a function / G H(B) with /(1)~= and /'(l) = 0. Assuming /(£„) = and 
f'(Cn) < for some points on 9H> different from 1, we get by Theorem 

|3~T1 (part 3)) 



^F/(C„)-1" U(0) 
^ exn(-tf'(C„))-l ~ \, 



1 



71=1 

N 



- exp(-i/'(C„)) - 1 --"'\F t (0) 
for all t > 0. Letting t — ► and using (|2.1|) we get 



A 



V ______ - < 23t( 1 ^ 

h-ncn) - 2Ji v/(o)> 

which coincides with (|3.2j) . The following infinitesimal analogue of Theorem 13.11 
can be proven similarly. 

Corollary 3.4. Let S = {F t } t > be a semigroup of holomorphic self-mappings of 
the disk D generated by f with /(a) = and 5R/'(a) > for some a e D, and let 
Ci, • ■ • , Cn be boundary regular null points of f different from a. The following is 
valid: 



1) If a = 0, then 



N 1 /I 



fx l/'(C»)l " ' v /'(0) 

2) If a — I and < f'(a) < oo, then 



N 

E 



< 



{\f'(Cn)\ - /'(I)' 
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3)Ifa=l and f'(a) = 0, then 

h l/'(Cn)l " 

This method appears difficult to derive the extremal forms of generators under 
which equalities in the assertions l)-3) hold. In this paper we develop inter alia 
other analytic and geometric approaches to establish the desirable results. 

If S = {F t } t >a is a semigroup in i?(B,D) with a generator / £ H(B>) and a 
Denjoy- Wolff point a £ D, then /(a) = and Sft/'(a) > 0. Hence Corollary El 
applies to yield a modification of Theorem 13 .31 which also contains the dilation case 
not considered previously. More precisely, assume that (i , . . . , £jv are boundary 
regular null points of / different from a. 

a) If a = 0, then 

JV 



1 



b) If a = 1, then 



< 



^ l/'(C«)l " "*V/(0). 

Moreover, equality in a) or b) holds if and only if / is of the form 

/(.) - - 1 " F(2) 



1 + F(z) 



(3.4) 



i + F( z y 

respectively, F being a Blaschke product of order N. Indeed, it follows from the 
Berkson-Porta formula that / can be represented by the first formula of (|3.4[) in the 
case a) and by the second formula of (|3.4p in the case b) , where F is a holomorphic 
self-mapping of D. Since /'(Cn) exists and is finite, we immediately conclude that 
F(Cn) = 1 for all n = 1, . . . , JV. Then our assertion follows from (|3.ip by simple 
computation. 

Observe that since each element of a continuous semigroup S = {Ft} t>0 is a 
univalent function on D, one can invoke certain results of Cowen-Pommerenke type, 
to get appropriate estimates for generators. For example, in the dilation case (i.e. 
a = 0) a recent result for univalent functions given in Corollary 4.1 of ! AV08j leads 
to the inequality 

^ l/'(C«)| - K/'(0) 

for holomorphic generators, which is obviously weaker than the one given in the 
assertion a) above. The point is that univalent self-mappings of D may not be 
embedded in general into a continuous semigroup. 

Note also that the assertion b) does not distinguish between hyperbolic and 
parabolic cases. Indeed, (|3.1|) applies neither to inequality 2) of Corollary 13.41 nor 
to its extremal function which fulfills the equality. Therefore, in the hyperbolic case 
the natural question arises of whether the extremal function which satisfies equality 
in 2) of Corollary 13.41 is actually the same as the second function of (|3.4j) fulfilling 
equality in the assertion b), provided /'(l) > 0. 
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In the next section we present a decomposition theorem for generators with 
boundary Denjoy- Wolff points. It enables us to recover the inequality 2) of Corol- 
lary [ITU a $ well as some quantitative algebraic and geometric characteristics related 
to this case. This theorem may be thought of as separation of singularities for such 
generators. A general result on separation of singularities is given in Section [5l 
which also includes the dilation case. Yet another look at the problem in question 
leads to an infinitesimal version of boundary interpolation theorem for holomorphic 
generators a la Pick and Nevanlinna. Roughly speaking, this problem consists in the 
following. Given points Ci; • ■ • , C/v+i on DO and real numbers mi, . . . , mjy+i) find all 
holomorphic generators satisfying /(Cn) = and f'(( n ) = m n for n = 1, . . . , N + 1. 
In Section [6] we also give distortion theorems for generators of all types which au- 
tomatically include inequalities l)-3) of Corollary 13 .41 and extremal functions to be 
given in Sections 0] and El 



4. Boundary Denjoy- Wolff points 

Let g be a generator of a group of hyperbolic automorphisms of B having at- 
tracting (Denjoy- Wolff) fixed point a = 1 and a repelling fixed point C G SID. From 
the part 3) of Theorem l2.2l it follows that 

9(2) = c <iziKlz<) 

1 1/1 1 



for some c > 0, and so . 

g{z) c\z-l z-C,j 

The following theorem shows that for any generator / with boundary regular 
null points Ci , ■ • ■ , CiVj either 

N 



f(z) £j3„(z)' 



where g n is a group generator with the Denjoy- Wolff point a = 1 and the repelling 
point C = £„, or there is a generator h of the same (hyperbolic or parabolic) type 
as /, such that £i, . . . , (jv are not regular null points of h and 



i i 



f( Z ) H Z ) ^ 9n(z) 

Theorem 4.1. Let f G -ff(B) be the generator of a semigroup with the Denjoy- 
Wolff point a — 1. Assume that f has boundary regular null points £i,...,£jv 
different from 1 (each /'(Cn) being negative). Then there exists a number r > 0, 
such that 

1^1/1 



V 1 ( 1 L_ U— (4 2 



m ^l/'(Cn)|V^-i z-CnJ h( z y 

where h is a holomorphic generator on D satisfying h'(l) — /'(l) and 

Z hm = oo 

/or all n = 1 , . . . , N. 
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Proof. This theorem follows by induction from its reduced form corresponding to 
N = 1. More precisely, let / € if(B) be the generator of a semigroup with the 
Denjoy- Wolff point a = 1 and a boundary regular fixed point ( ^ f (so /'(C) < 0). 
Suppose that 



Hz) T \f'(C)\\z-l z-0 



f(z) r |/'(0|V*-1 z-C 
Then the function h defined by 
f f 



'(0\L-i z-c) (4 ' 3) 



h(z) f(z) |/'(C)|Vs-l z-C 

generates a semigroup with the same Denjoy- Wolff point a = 1 and of the same 
(hyperbolic or parabolic) type as /, and 

Z hm = oo. 

To prove this assertion we need a modified version of the Julia- Wolff-Caratheodo- 
ry theorem. 

Lemma 4.2. Let g be a holomorphic function in B with nonnegative real part. 
Then, for each ( £ dD, the limit 

Z\imJ-(l-(z)g(z)=£ 

1 - Izl 2 

exists and is a nonnegative real number. Moreover, ^Rg(z) > £- ^p. 

Proof. Consider the holomorphic function G defined by 

w — 1 s 



<*•>-«(< Hi). 



or, equivalently, g(z) — g( — — - \ . Then G is a self-mapping of the right half-plane 

V 1 — Q z I 

{"■Rw > 0} and 

Z hm m = Z hm g(C ^ 



>oo W + 1 tu^oo 10 + 1 



Z lim 



l + (z 
l-(z 

= Zliml(l-C%W 



By the Julia- Wolff-Caratheodory theorem, i is a nonnegative real number and 
®G{w) > £^w, or 

1 - \z\ 2 

as desired. □ 
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We proceed to prove Thcorcm l4.ll Consider the holomorphic function 

( \ (^ 1 ) 2 

■9 z = JT^~ 

f( z ) 

in D. By the Berkson-Porta representation, 3tg(z) > for all z € D, cf. Theorem 
2.21 Furthermore, 

1 - 3?C 

Z lim(l - (z)g(z) = 2 , 

1-3?C 



that is, the function <? satisfies the assumptions of Lemma 14.21 with I = | , ^ j 
Therefore, 

On the other hand, using (|4.3[) yields 

'(z-1) 2 (z-1) 2 / 1 1 



9{ ) V h(z) + \f'(C)\ \ 



h(z) \f'(0\ \z-l z-C 
K \ h(z) J K \\f'(C)\ z-0 

v f (z-i)\ i-jRCi-N 2 
V h(z) ) + |/'(C)| |z-CI 2 ' 

Comparing this expression with ()4.4j) we conclude that 

and so the Berkson-Porta formula shows that ft, is a semigroup generator on B. By 

(USD, 

Z lim , . ; = Z lim 



ih(z) *-n f{z) i/'(or 

Hence, the angular derivative of h at a — 1 is different from zero if and only if the 
angular derivative of / is. 

This proves the desired reduced form of Theorem 14.11 implying that in our 
situation either 

_L_f_!_p__^_} 

/(*) ^l/'KJI^-i >-U 

i.e., (|4.2p holds with r = and arbitrary /i, or 

N * * 1 \ 1 



— =r- J — f- 

Y» ^ I P t. W U- 



/(*) ^l/'(C«)|^-l H{ Z ) 

for some semigroup generator H . It follows from Corollary 13.41 that 

N 1 

Since the set of all generators is a real cone, one can set h(z) = r H{z) to get (I4.2[) 
with ft'(l) = /'(l). □ 

As but one consequence we recover Theorem 2 of |CDP06j with the extremal 
function given explicitly, cf. Theorem I3.3I and comments after Corollary [ 
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Corollary 4.3. Let f S H(H>) be the generator of a semigroup with the Denjoy- 
Wolff point a = 1, and let £i, . . . , £iV be boundary regular null points of f different 
from a, i.e. /(Cn) = and /'(Cn) < 0. Then 

t[ l/'(C»)l - V/(o)J 

and equality holds if and only if 

1 x ^ 1/1 1 \ ic 

/or some c € R. 

If c = then / is of hyperbolic type. Otherwise, if c ^ 0, then / is of parabolic 
type. 

Proof. By Theorem l4.il there exists a holomorphic function p in D with nonnegative 
real part, such that 

1 1 ( 1 1 \ P{z) 

h l/'(Cr*)| Var-1 z-cJ (^-l) 2 ' 

whence 

-W)^W(t)\ +m - 

If 3?p(0) > 0, then strict inequality in Corollary 14.31 holds. Otherwise, we get 
p(z) = —ic with a real constant c, which is due to the Maximum Principle. □ 

Regarding hyperbolic type generators, we are now in a position to complete the 
part 2) of Corollary [331 

Theorem 4.4. Let f be the generator of a hyperbolic type semigroup with the 
D enjoy- Wolff point a = 1, i.e. /(I) = and m :— /'(l) > 0. Suppose £i,...,Cjv 
are boundary regular null points of f different from a. Then 

1 " 1 

- - Ei — i' 

m ^ \m n \ 

where m n = /'(Cn)- Moreover, equality holds if and only if 

7w "iiW^ _ ^cJ' (4 ' 5) 

Another way of stating the extremality condition is to state that \j f(z) is a 
linear combination of 1/ 'gi(z), . . . ,1/ 'grj(z), where g n (z) is the generator of the 
group of hyperbolic automorphisms having boundary fixed points a = 1 and Cn, 
with g' n (a) = 1 and <? n (Cn) = — 1. The coefficients of the linear combination are 
l/|m„| and their sum is l/m. 

Proof. Consider the holomorphic function a on D defined by the differential equa- 
tion 

f(z)a'(z) = ma(z) (4.6) 
under the conditions a(l) = and a(0) = 1. 
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It was shown in jERSOlj (see also [ShoOlj ) that a{z) is a univalent function 
starlike with respect to the boundary point = er(l), and the formula 



(z) :=a- 1 (exp(-/'(l)t)<7(^)) 



for t > reproduces the semigroup generated by /. Furthermore, by |ES06j . the 
smallest corner C containing <t(0) is of angle Q a ^, where Q a is the limit of the 
Visser-Ostrowski quotient at the point a = 1. Namely, 

a'{z) 



Q a := Z lim(z - a) 



a(z) 



Since, by (|4.6[) . Q a — J7m\ = 1, we readily conclude that cr(D) is contained in a 
half-plane. 

On the other hand, for every n — 1, . . . , N, the image ct(D) contains a corner C n 
of angle \Q( n |vr with 

Q Cn := Z lim (z - &,) ^ 
m 

m„ ' 

and different corners C n and C m do not meet each other. Since the union of 
Ci, . . . , Cat belongs to C, it follows that 

N 

,w*-*' (47) 

n— 1 1 1 

proving the inequality in the theorem. 

From Lemma 3 of [ESZ08] one sees that each function a starlike with respect to 
the boundary point = cr(l) and with image in a half-plane admits the represen- 
tation 

a(z) = [l-z) exp ( - y log(l - C*)dMC)) 

with \i being a probability measure on the circle. Moreover, if there is a boundary 
point Ci 7^ 1; such that Qq x exists and is finite, then by the same Lemma 3 of 
|ESZ08j 

a(z) = (1 - z)(l - Ci^) Qci exp ( - (1 + Q Cl ) I log(l - C^i(C)) , 

where /ii is a probability measure on dO. Iterating this procedure N times we 
arrive at the representation 

N N 

a(z) = (1 -*) JJ(1- Cnz) Q ^ exp (- + f _ ^g(l - C*)<«C)) 

n=l ' n=l ■'ICI-1 

valid in our situation. 

N 

The equality in (|4.7p means that 1 + Q^ n — 0, and so 

n=l 
N 

a(z) = (l-z)l[(l-Uz)^ 



n=l 
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(note in passing that in this case cr(B) is a half-plane with TV slits corresponding to 
the points £1, . . . , Cat). Consequently, by (|4.6j) . / must take form (|4.5|) . □ 



In the hyperbolic case, Corollary 013] and Theorem 23] meet each other which can 
be formulated in a unified form. Namely, let / £ H (D) be a generator of hyperbolic 
type semigroup, with f(l) = and f'(l) < 0, and let Cii • • • i Cat be points on the 
circle, such that f(( n ) = and /'(Cn) < for all n = 1, . . . , N. Then 

f 1 1 

I f'(t ■ 



^ |/'(Cn)l " /'(I)' 



^ |/'(Cn)| " /(0) 
and equality in either inequality is achieved if and only if 



' 1 



— =r- J — f- 



/(*) ^il/'(Cn)|W-l z-C 

We are now able to show that the extremal functions in (|3.ip and Theorem 
are actually the same. 

Theorem 4.5. Suppose F is a holomorphic self-mapping of the unit disk, such 
that F(l) = 1 and the angular derivative F'(l) is finite. Let moreover Cl) • • • > CiV 
be points on cHD) ; with F(£ n ) = w G dO for some w ^ 1 and F'(£ n ) being finite for 
all n = 1, . . . , N. Then 



^ 1 W + F(0) ^ 1 l-$t w 



and equality in either inequality holds if and only if Fiz) = — -IS I , where 

1 — (1 — w)A(z) 

' (I-*) 2 / 1 1 



Proof. Consider the function / defined by 

(1-z) 2 W -F(z) 
/l J l-F(z) u>-l 

for 2: e D. It follows by the Berkson- Porta formula that / is a holomorphic generator 
on IB). Furthermore, 

ZhmlW = Zl im ^-^) 
z->-i z - 1 z->-i 1 - F(z) u> - 1 

1 



F'(l) 



m being a positive number. Therefore, / generates a semigroup of hyperbolic type 
with the Denjoy- Wolff point a = 1. We also get 

1 K ' 1 - F(0) w - 1 
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and /(Cn) = for all n = 1, . . . , N, with finite angular derivatives 

f'(Cn) = Z lim 

(1 — w) z 
=■ m n . 

Applying the comments after the proof of Theorem 14.41 we obtain 
where equality holds if and only if 



l-F(z) w-1 



E 1777 f A - 7777") ■ ( 4 ' 9 ) 



(1 - z) 2 W — F(z) ^ l \ m n\ V 2-1 Z — Qn 



Simplifying (|4.8|l yields 



Ml-H 2 / ^, w _ 1 ,(l-F(0))(w-F(0)) 



^2|F'(C„)| " V 1 ' |u;-F(0)P 



\w-F(0)\ 2 ) 
w + F{0) 

w -F(oy 

which is precisely the first inequality stated in the theorem. 
On the other hand, by the same comments, 

->Y — 

m ~ ^— ' \m n \ 

where equality is valid if and only if F satisfies (|4.9[) . This is equivalent to the 
second inequality of the theorem. 

To complete the proof it remains to express the extremal function F from (|4.9[) . 
To this end, we denote R for the right-hand side of (I4.9[) . A trivial verification 
shows that 

1- — ^w(l-z) 2 
1 — w 



Substituting the formulas for m n , we get 

N 1 I I 

{1 ~ w) ^\FU( n )\\i-a 2 (— 



_R_ 

which is the desired formula. □ 



For the dilation case one cannot assume any representation of the form (14. 1[) 
where g n are generators of groups, for there is no group generator having both 
interior and boundary null points. On the other hand, the generators of hyperbolic 
groups are particular cases of generators of the form (z — a)(l — az)R(z) where R{z) 



SEPARATION OF BOUNDARY SINGULARITIES 



15 



is an affine-fractional transformation of ID onto the right half-plane. This leads us 
to a generalization of (|4.2[) even when the Denjoy- Wolff point a is located inside 
the disk D. 



5. Separation of singularities in the general case 

Let f(z) = (z-a)(l- az)p(z) with a G B. Suppose that /(C) = and /'(C) < 
for some C £ <9B different from a. Then 

/'(C) = 

z^C, z - C 
= _ ZUm (z-a)(l-az)C 



(i-Cz): 



p(z) 
|l-C"a| 2 



2^ ' 

where I :— Z. lim - (1 — Qz) By Lemma [4721 

z^C 2 p(z) 

p(z) ->-cr 

Now pick any 77 G 3P different from C, and consider the function 

r\ — z 



(5.1) 



R{z) 



for z G B. An easy computation shows that i? maps B onto the right half-plane 
{5ftu> > 0} and 



2 |z-C| 2 



Hence, St-^ > 2£3UZ(z) 
p(z) 



Let g G ff(B) be the generator in B defined by g(z) — ^ -. Then we 



get 



2£R(z) 



1 = 21- 



g[z) {l-trj){z-Q{z-a){l-az) 
21 r A B 



where 



or 



l-C,r]\z-C z-a> 

TJ — Z 



A(z-a) -B(z-Q 



1 — az 



(A - B)z - Aa + B( = — — -. (5.2) 
1 — az 



We distinguish two cases: 
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1) If a = 1, then r\ — 1 and so (A - B)z - Aa + 5£ = 1. Hence, A = B with 
1 



A = - — - and 



21 i 1 



g(z) (l-O(C-i)^-C z-i 

21 f 1 1 



|l-C| 2 Vz-l z-C 

1/1 1 



|/'(C)|Vz-l z-^' 

which is due to (|5.1I) . 

2) If a = 0, then reduces to (A - B)z + B( = n - z. Hence, 

A — B = -1, 

= v, 

or B = (r] and A = £77 — 1. It follows that 

1 2i (Cv-l (T 



g(z) \ z-( z 

Cv 1 1 



f'(C)\\Cn-i 



\f'(0\^V-lz z-C' 
Note that in both the cases a € <9B and a € D the function h defined by the 
equality 

1 1 1 



f(z) g(z) h(z) 

is also a holomorphic generator in ID) of the same type as /, provided / ^ g. Indeed, 
rewriting this equalitty in the form 

1 2£R(z) _ 1 

(z — a)(l — az)p(z) (z — a)(l — az) (z — a)(l — az)q(z) 

with = (z — a)(l — az)g(z), we deduce from 5R(l/p(z)) > 2£$lR(z) that 

5R(l/(7(z)) > 0, and so > for all z G D. The desired assertion follows 

from Theorem 12.21 



Remark 5.1. Except when / is hyperbolic the function q(z) may be constant, i.e. 
3?g(z) = 0. In this situation h is a generator of a group of either parabolic or elliptic 
automorphisms . 



Arguing by induction in much the same way as in the proof of Theorem 14. 1( we 
obtain the following general assertion. 

Theorem 5.2. Let f G if(lD>) be the generator of a semigroup with a Denjoy-Wolff 
point s£B. If moreover Ci> • • • >0v are boundary regular null points of f different 
from a and satisfying f'(Cn) < for all n — 1, . . . , N 7 then there exists a number 
r > 0, such that 

N 



-=y- 



where g n are generators of the form g n (z) = (z — a)(l — az)R n (z) with R n being 
affine-fractional transformations o/D onto the (open) right half-plane, R n (Cn) = 0, 
and h is a holomorphic generator of the same type as f. 
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If a = 0, we describe the generators g n {z) more explicitly by obtaining a singu- 
larities separation theorem for dilation type generators. 

Corollary 5.3. Suppose f G H(U>) is the generator of a semigroup with the Denjoy- 
Wolff point a = and fx, . . . , (jy ar ^ boundary regular null points of f . Given any 
rji, . . . , t/n e <9B satisfying r\ n ^ for all n = 1, . . . ,N, there is an r > 0, such 
that 

1 1 ( CnVn 1 1 



\f'(U)\ (( 



/» l/'(Cn)| Kn»k " 1 * M«) 



where h is a holomorphic generator with h(0) = and Z lim 

Note that 3i/'(0) > 0. Indeed, otherwise / is of the form f(z) = icz for some 
c 6 M, hence, it cannot have boundary regular null points. 
In particular, choosing rj n — — yields a simpler formula 

1 >— ^ 1/1 1 \ r 

1 r 

This representation implies that 5 — ;— r = 3 — r-r- 

/'(0) fc'(0) 

Corollary 5.4. Let / S H(D) be the generator of a semigroup with the Denjoy- 
Wolff point a = and let £i, . . . , Cat fre boundary regular null points of f. Then 

N 1 1 
V - < 2 5i— — 

^ l/'(Cn)| " /'(0) 

and equality holds if and only if 

1 A 1 / 1 1 \ ic 



^ /'(Cn) V2Z 



J» ^ |/'(Cn)| V2Z Z-Cn 

where cel. 

Returning to the boundary interpolation problem mentioned in Sections Q] and 
131 we are now in a position to solve it by using Theorems 14.11 and 15 . 2 1 In particular, 
let Ci, . . . , C/v+i be pairwise different points on the circle SO and mi, . . . , mjv+i, 
be given real numbers satisfying m n < for n — 1, ...,N and rtiN+i > 0. In 
order that there might exist a holomorphic generator / satisfying /(Cn) = and 
f'((n) = m n for all n — 1, . . . , N + l, it is necessary and sufficient that the numbers 
m n would satisfy 



X ' 1 
< 



1 

Y — 



m n m N+ i 

If this condition holds then the solution can be represented by the formula 

N 



1 1 \ rp(z) 



^ \m„\ \z- CiV+l z~Cn' (z - Ov+iH 1 - <JV+l)< 
where either r = or r > 0, and p is any function in H(D) with 5Rp(z) > and 



Z lim (z - (n)p(z) = 



for n = 1, . . . , iV. 
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6. Distortion theorems 



In this section we establish distortion theorems for generators of all types. They 
can be thought of as quantitative improvements of results in Section [3] as well as 
Corollary 14.31 and Theorem 14.41 In fact, these theorems cover all inequalities given 
in the previous sections and in CDP06 , and present extremal functions fulfilling 
the corresponding equalities. It should be mentioned that the key tools for the 
distortion theorems are Theorems 14. 1[ [5721 and Corollary 15. 3[ they are thus of basic 
importance. 

Theorem 6.1. Let f G -ff(B) be the generator of a semigroup with the Denjoy- 
Wolff point a = 1. Suppose Clj • • • >0v are boundary regular null points of f different 
from a, with f'(Cn) < 0. Then 



ic 



< Cu{z) 



where 



9n{z) |/'(C„)|VZ-1 Z-C 



anc 



I N c 

(t?ot) + ^n> 



u(z) — 



Proof. If 



1 \ 



3C« 



'J/'CCn)!' 



1 



z 1-z 



c 

l(z) 



= -» 



1 N 1 - 



i-KC„ 



JW £j |/'(Cn)| 



1- « 



l + |z||l-z| 2 



n 1 



then the right-hand inequality is obvious and the left-hand inequality follows from 
Corollary O 

Otherwise we deduce from Theorem I4.ll that 



1 y\ 1 _ r 



(6.1) 



where 



and ft. is a generator of the same type as /, with h'(l) = /'(l). So we have to 
estimate 



r 


IC 




rp(z) — ic 


h(z) 


(z-lf 




(z-1) 2 



for some holomorphic function p with nonnegative real part in IB), cf. Theorem 
By (EH), 



N 



3 (rp(0) — ic) 



Cn-1 



/(°) ~i l/'(Cn)l 
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Therefore, the Riesz-Herglotz formula leads to the estimate 

K MO)) < \rp(z) - ic\ < i±M K (rp(0)) 

for all z e D. Since 



1 - 



Hoy ^i/'(c»)i' 



the proof is complete. 



□ 



Using our Theorem 14.11 and formula (2.1) of |Sho03 , one obtains the distortion 
estimate 



— -y— , 

i N i 
— - y — 

f' l ^ f C 



< 



2Z\ 



l-UI 2 ' 



where A = — — - We now prove a sharper estimate. 

/ (1) n=1 1/ iCnjl 

Theorem 6.2. Le£ / fee i/ie generator of a hyperbolic semigroup with the Denjoy- 
Wolff point a = 1. i.e. /(I) = and m := /'(l) > 0. Suppose there are boundary 
regular points Ci, . . . , Cn °/ / different from a, with m n := /'(Cn) < 0. TTien 

iv 



1 



y i f 



i 



i 



i 



1 - z 



m ^|/'(C»)|Vs-l z-Qj (l-|z|2)l-z 

1 W 1 
for all zdB, where A = N -. 

n— 1 1 1 

Proof. By Theorem 1331 

/(«) ^|/'(Cn)l^-l *" 



< 



1-U 



for some holomorphic function q of nonnegative real part in D. Hence it follows 
that 

1 1 W 1 
Z lim — ^— ^ = r 



>q (1 — z)q(z) m 
= A. 

Applying Lemma l4~2l with £ = 1 and £ = 1/2 A, we get 

l l-UP 



Kg(z) > 



whence 



1 



2A \z-l\ 2 
z - 1 



«(*) 

for all z€D. Substituting 

1 (1-z) 2 ^ 



1-U 



2 <J Z - 112 



1-4 



y — 



{1-zf 



q(z) m ^|/'(C»)l^-i z-c, 

into this inequality yields the desired estimate. 



□ 
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In the dilation case, we can proceed in the same way to derive a quantitative 
version of Corollary 15. 31 



Theorem 6.3. Assume that f 6 H(]D>) is the generator of a semigroup with the 
Denjoy-Wolff point a — 0. If Cij ■ ■ ■ ) CiV ar e boundary regular null points off, then 
one has 



l—\z 



c- — ^4 < 



\f z) ^ \V(U V2; 



1 \\ 1 



+ \A~ W) ^l/'(Cn)|V2 2 z-( n JJ /'(0) 



<c 1 + |z| 



l-UI' 



where C = 5ft 



1 1 



-y— 



Proof. By formula (|5.3|) . we may write 

iv 



f(z) ^ l/'(Cn)| V2Z Z-C„^ ^(^) ! 

7'(o) ~ ~v(o) 



1 r 

h(z) being a holomorphic generator on D. Denote c := 3 — r- r = ^ — r-r and 



consider 

r 

:= z -r-TT — ic- 

h(z) 

Obviously, 5ft/c(z) > and 0^(0) = 0. If 5ftfc(0) = 0, then our assertion follows 
by the Maximum Principle. Otherwise there is a holomorphic generator g(z), such 
that 

r tc 1 



h(z) z g{z) 
and the number g'(0) is real. Thus, 



z 



Set P(z) — — — — and Q(z) — — rT , then 
/0) 3(z) 



whence 



1 W 1 



1 w 1 

3Q(0) - 9fP( )-9f-i 



/'(0)' 

that is, 3Q(0) = 0. Now it follows by the Ricsz-Herglotz formula that 
5ftQ(0) \— M < IQC0I < 5ftQ(0) 1 



i + v 'i + N' 

which establishes the theorem. □ 
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7. The Cowen-Pommerenke inequalities revisited 



In this section we look more closely at Theorem 13.11 Our objective is to show 
that the inequality in assertion 3) thereof still remains true for holomorphic self- 
mappings F of ED of hyperbolic type. 

Theorem 7.1. Let F be a holomorphic self-mapping ofD with the Denjoy-Wolff 
point a — 1, i.e. F(l) — 1 and F'(l) < 1. If £i, . . . , £jv are boundary regular fixed 
points of F different from 1, then 

N 



Moreover, if F'(l) < 1, then equality in J7.i| ) holds if and only if equality in the 
assertion 2) of Theorem \3.1\ holds, and this is precisely the case for F of the form 



F(z) = C- 1 (C{z) + 2 — ) , (7.2) 

(1 ~ Z) ^F'(C„)-lz-d 



1 + 2 

where C(z) = - is the Cayley transform o/D. 

Proof. Consider the holomorphic function p in D defined by 

1 + F(z) l + z 

P(z) = -, - i (7-3) 

1 — b (z) 1 — z 

for z£B. Since a = 1 is the Denjoy-Wolff point of F we deduce from Julia's lemma 
that ^Rp(z) > for zeB. Therefore, the function 

f(z) = -(l-z) 2 p(z) 

is the generator of a semigroup of holomorphic self-mappings of D with the Denjoy- 
Wolff point a = 1 and boundary regular null points Cii ■ • • > CiV< 
Indeed, it is clear that /(Cn) = —(1 — (n) 2 p(Cn) vanishes and 

f'(Cn) = Km /(:! 



>C„ Z - Cn 



(l-CnV I™ 



2 P(*0 



Kr, Z- Cn 

= - (1 - C)V(Cn) 

for all n = 1, ... , N. Using (O yields 

AM = (F'(Cn) - 1) (1 _ 2 Ck)2 

whence 

/'(&,) = -2(F'(Q-1) 
< 0. 
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Furthermore, 



f'(l) = \im(l- z)p(z) 



1 -i 



> 0. (7.4) 
Hence it follows from Theorem 13.31 that 



(7 - 5) 



Since 

/( o) = -mo)- F(0) + 1 — m 



F(0)-1 F(0)-1' 
the inequalities (|7.ip and (|7.5|) are equivalent. Note that (|7.4[) shows that / is of 
hyperbolic type if and only if so is F. 

Assume that -F'(l) < 1. Then /'(l) > 0, and so we conclude from the second 
assertion of Corollary 13.41 that 

N 1 1 

y 1 < —. (7.6) 
~ l/'(C«)l - /'(i) 1 ' 

This inequality, in turn, proves to be equivalent to the inequality of the assertion 
2) of Theorem EU 

As already mentioned before Theorem 14.51 equalities in either of f|T. 5[) (|7.6p is 
achieved if and only if 

N , x 1 



— =y— 



/(*) ^ l/'(Cn)l^-l Z-Cn- 

On combining this equality with f(z) = —(1 — z) 2 p(z) we get (17. 2[) . as desired. □ 

The particular case of Theorem 17.11 corresponding to N = 1 seems surprisingly 
to be new. 

Corollary 7.2. Suppose F is a holomorphic self-mapping o/D, suc/i £/ia£ f(l) = 1 
and < F'(l) < 1. ie£ C 7^ 1 & e a boundary regular fixed point of F. Then F is an 
automorphism of D z/ and onZj/ «/ 



F'(C)-1 VF(0) 

Finally we note that Corollary 15.41 gains in interest if we realize that Theorem 
17. H is actually its easy consequence. Indeed, applying Corollarv l5.4l to the dilation 
type generator f[z) = zp(z) with 

1 + F(z) 1 + 2 
1 — r \z) 1 — z 

in D we get Theorem 1 7. II Recall that — (1 — z) 2 p(z) is the generator of a semigroup 
with the Denjoy- Wolff point a — 1 and boundary regular null points Ci, • ■ • , Cat, cf. 
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the proof of Theorem 17. II We have f(z) = k(z) (1 — z) 2 p(z) where k is the Koebe 
univalent function 

k{z) = (I^Tp 

in P. One verifies immediately that Corollary 15.41 for f(z) :— zp(z) is equivalent 
to Corollary S3] for f(z) := -(1 - z) 2 p(z). 
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